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Boussinesq equationAbstract A numerical method is developed to solve the nonlinear Boussinesq equation using the
quintic B-spline collocation method. Applying the Von Neumann stability analysis, the proposed
method is shown to be unconditionally stable. An example has been considered to illustrate the efﬁ-
ciency of the method developed.
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D license.1. Introduction
The nonlinear Boussinesq equation, which belongs to the KdV
family of equations, describes shallow water waves propagat-
ing in both directions, is given by
@2u
@t2
¼ @
2gðuÞ
@x2
þ q @
4u
@x4
; x 2 ½a; b; t > t0: ð1:1Þ
where u= u(x, t), g(u) = u(1 + u) and ŒqŒ= 1 is a real
parameter. Taking q= 1 gives the good Boussinesq or
well-posed equation (GB), while taking q= 1 gives the bad
Boussinesq or ill-posed equation (BB).
The initial displacement associated with Eq. (1.1) is given
by
uðx; t0Þ ¼ fðxÞ
with initial velocity,utðx; t0Þ ¼ f1ðxÞ ð1:2Þ
Wazwaz [1] developed modiﬁed decomposition method for
construction of soliton solutions and periodic solutions of
the Boussinesq equation. Bratsos [2] presented the method of
lines for the numerical solution of the Boussinesq equation.
Bratsos [3] derived a parametric scheme for the numerical solu-
tion of the Boussinesq equation. Choo [4] proposed pseudo-
spectral method for the damped Boussinesq equation.
Daripa and Hua [5] have used ﬁltering and regularization tech-
niques, for the numerical study of an ill-posed Boussinesq
equation arising in water waves and nonlinear lattices. Ismail
and Bratsos [6] presented a predictor-corrector scheme for
the numerical solution of the Boussinesq equation. Tzirtzilakis
et al. [7] proposed spectral methods for the numerical solution
of the Boussinesq equation. Al-Khaled and Nusier [8] have
used Adomians decomposition method and the Galerkin inter-
polation methods based on Sinc functions to derive the numer-
ical solution of the Boussinesq equation. Mohyud-Din et al. [9]
developed the numerical solution of two-dimensional Bous-
sinesq equation using Adomian Decomposition and He’s
Homotopy Perturbation Method.icense.
210 S.S. Siddiqi, S. ArshedThe paper is organized into six sections. A ﬁnite difference
approximation technique is used to discretize the Eq. (1.1) in
time derivatives is discussed in Section 2. Quintic B-spline col-
location method to solve the Boussinesq equation is discussed
in Section 3. Section 4 presents the way to obtain the initial
state which is required to start our scheme. Stability analysis
of the proposed method is discussed in Section 5. Numerical
results are presented in Section 6.
2. Temporal discretization
Consider the following Boussinesq equation
@2u
@t2
¼ @
2u
@x2
þ @
2u2
@x2
þ q @
4u
@x4
ð2:3Þ
with boundary conditions
uða; tÞ ¼ 0;
uðb; tÞ ¼ 0;
uxxða; tÞ ¼ 0;
uxxðb; tÞ ¼ 0
ð2:4Þ
The exact solution of the problem can be written as [10]
uðx; tÞ ¼ q sech2
ﬃﬃﬃﬃ
A
6
r
ðx ctþ x0Þ
" #
þ b q
2
 " #
where, A is the amplitude of the pulse, b is an arbitrary param-
eter, x0 is the initial position of the pulse, and
c ¼  2qðbþ A
3
Þ 1=2 is the velocity.
Consider a uniformmesh Dwith the grid points kij to discret-
ize the regionX= [a,b] · [0,T]. Each kij is the vertices of the grid
point (xi, tj) where xi = a+ ih, i= 0, 1, 2, . . . , N and tj = jk,
j= 0, 1, 2, . . . ,M, Mk= T. The quantities h and k are the
mesh size in the space and time directions, respectively.
Approximate the time derivative by usual ﬁnite difference
formula as
@2un
@t2
¼ u
nþ1  2un þ un1
k2
þOðk2Þ ð2:5Þ
Substituting the above approximation into equation Eq. (2.3)
and discretizing in time variable, the equation becomes
unþ1  2un þ un1
k2
¼ @
2un
@x2
þ @
2ðu2Þn
@x2
þ q @
4un
@x4
ð2:6Þ
Apply h-weighted scheme to space derivatives to Eq. (2.6),
where, (0 6 h 6 1), it can be written as
unþ1  2un þ un1
k2
¼ h @
2unþ1
@x2
þ @
2ðu2Þnþ1
@x2
þ q @
4unþ1
@x4
 !
þ ð1
 hÞ @
2un
@x2
þ @
2ðu2Þn
@x2
þ q @
4un
@x4
 
where the superscripts n  1, n, n+ 1 denote the adjacent time
levels. Taking h to be 1
2
, the above equation becomes
unþ1  2un þ un1
k2
¼ u
nþ1
xx þ unxx
	 

2
þ q u
nþ1
xxxx þ unxxxx
	 

2
þ u
2
xx
	 
nþ1 þ u2xx	 
n
2
ð2:7Þ
The nonlinear term in Eq. (2.7) can be linearized using Taylor
expansion asu2xx
	 
nþ1 ¼ 2unxxunþ1xx  u2xx	 
n ð2:8Þ
Substituting Eq. (2.8) into Eq. (2.7), Eq. (2.7) leads to
2unþ1  k2unþ1xx  k2qunþ1xxxx  2k2unxxunþ1xx ¼ 4un  2un1 þ k2unxx
þ k2qunxxxx ð2:9Þ
The space derivatives are approximated by quintic B-spline,
which is presented in the next section.
3. Quintic B-spline collocation method
The interval [a,b] of domain has been subdivided as
a ¼ x0 < x1 < x2 <    < xN ¼ b
To provide the support for the quintic B-spline near the end
boundaries, ten additional knots have been introduced as
x5 < x4 < x3 < x2 < x1 < x0
and
xN < xNþ1 < xNþ2 < xNþ3 < xNþ4 < xNþ5:
The basis functions Bj(x), j= 2, . . . , N+ 2 of quintic
B-spline are deﬁned as
BjðxÞ¼ 1
h5
ðxxjþ3hÞ5; x2 ½xj3;xj2;
ðxxjþ3hÞ56ðxxjþ2hÞ5; x2 ½xj2;xj1;
ðxxjþ3hÞ56ðxxjþ2hÞ5þ15ðxxjþhÞ5; x2 ½xj1;xj;
ðxþxjþ3hÞ56ðxþxjþ2hÞ5þ15ðxþxjþhÞ5; x2 ½xj;xjþ1;
ðxþxjþ3hÞ56ðxþxjþ2hÞ5; x2 ½xjþ1;xjþ2;
ðxþxjþ3hÞ5; x2 ½xjþ2;xjþ3;
0 otherwise
8>>>>>>><
>>>>>>>:
The values of successive derivatives B
ðrÞ
j ðxÞ; j ¼ 2; . . . ;Nþ 2;
r ¼ 0; 1; 2; 3; 4 at nodes are listed in Table 1. For solving Eq.
(2.9) using the collocation method with quintic B-spline, an
approximate solution U(x, t) to the exact solution of the prob-
lem is to be found. Let U(x, t) can be written in the following
form
Uðx; tÞ ¼
XNþ2
j¼2
cjðtÞBjðxÞ ð3:10Þ
where cj are unknown real coefﬁcients and Bj(x) are quintic B-
spline functions.
Substituting Eq. (3.10) into Eq. (2.9) yields the following
equation
2
XNþ2
j¼2
cnþ1j ðtÞBjðxiÞ  k2
XNþ2
j¼2
cnþ1j ðtÞB00j ðxiÞ  k2q
XNþ2
j¼2
cnþ1j ðtÞBð4Þj ðxiÞ
 2k2
XNþ2
j¼2
cnj ðtÞB00j ðxiÞ
XNþ2
j¼2
cnþ1j ðtÞB00j ðxiÞ
¼ 4
XNþ2
j¼2
cnj ðtÞBjðxiÞ  2
XNþ2
j¼2
cn1j ðtÞBjðxiÞ þ k2
XNþ2
j¼2
cnj ðtÞB00j ðxiÞ
þ k2q
XNþ2
j¼2
cnj ðtÞBð4Þj ðxiÞ
Simplifying, the above relation leads to the following system
of (N+ 1) equations in (N+ 5) unknowns cnþ12 ; c
nþ1
1 ;
	
cnþ10 ; c
nþ1
1 ; . . . ; c
nþ1
N ; c
nþ1
Nþ1; c
nþ1
Nþ2Þ
Table 1 Coefﬁcients of quintic B-spline and its derivative at
nodes xj.
xj3 xj2 xj1 xj xj+1 xj+2 xj+3 Else
Bj(x) 0 1 26 66 26 1 0 0
B0jðxÞ 0 5h 50h 0 50h 5h 0 0
B00j ðxÞ 0 20h2
40
h2
120
h2
40
h2
20
h2
0 0
B000j ðxÞ 0 60h3
120
h3
0 120
h3
60
h3
0 0
B
ð4Þ
j ðxÞ 0 120h4
480
h4
720
h4
480
h4
120
h4
0 0
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nþ1
j2 þ bjcnþ1j1 þ djcnþ1j þ bjcnþ1jþ1 þ ajcnþ1jþ2
¼ Ecnj2 þ Fcnj1 þ Gcnj þ Fcnjþ1 þ Ecnjþ2
 2 cn1j2 þ 26cn1j1 þ 66cn1j þ 26cn1jþ1 þ cn1jþ2
 
;
j ¼ 0; 1; 2; 3; . . . ;N ð3:11Þ
where
Mj ¼ 20
h2
cnj2 þ 2cnj1  6cnj þ 2cnjþ1 þ cnjþ2
 
; j ¼ 0; 1; 2; 3; . . . ;N
aj ¼ 2 20 k
2
h2
 120q k
2
h4
 40Mj k
2
h2
; j ¼ 0; 1; 2; 3; . . . ;N
bj ¼ 52 40 k
2
h2
þ 480q k
2
h4
 80Mj k
2
h2
; j ¼ 0; 1; 2; 3; . . . ;N
dj ¼ 132þ 120 k
2
h2
 720q k
2
h4
þ 240Mj k
2
h2
; j ¼ 0; 1; 2; 3; . . . ;N
E ¼ 4þ 20 k
2
h2
þ 120q k
2
h4
;
F ¼ 104þ 40 k
2
h2
 480q k
2
h4
;
G ¼ 264 120 k
2
h2
þ 720q k
2
h4
:
ð3:12Þ
In order to obtain a unique solution of this system, four addi-
tional constraints are required. These constraints are obtained
from the boundary conditions. Imposition of the boundary
conditions enables us to eliminate the parameters c2, c1,
cN+1, cN+2 from the system (3.11).
After eliminating c2, c1, cN+1, cN+2 the system is reduced
to a penta-diagonal system of (N+ 1) linear equations in
(N+ 1) unknowns.
4. The initial state vector
The initial state vector c0 can be determined from the initial
condition u(x, t0) = f(x) which gives (N+ 1) equations in
(N+ 5) unknowns. For determining these unknowns, rela-
tions at the knots are used
uxðx0; t0Þ ¼ u0ðx0Þ;
uxðxN; t0Þ ¼ u0ðxNÞ
ð4:13Þ
uxxðx0; t0Þ ¼ u00ðx0Þ;
uxxðxN; 0Þ ¼ u00ðxNÞ
ð4:14Þ
which give a penta-diagonal system of equations written in the
following matrix form
Gc0 ¼ E;where
G¼
54 60 6 0 0
101=4 135=2 105=4 1 0
1 26 66 26 1
1 26 66 26 1
. .
. . .
. . .
. . .
. . .
.
1 26 66 26 1
0 1 105=4 135=2 101=4
0 0 6 60 54
2
66666666664
3
77777777775
;
c0 ¼
c00
c01
c02
..
.
c0N1
c0N
2
6666666664
3
7777777775
;
and
E ¼
g0ðx0Þ þ 3hu
0ðxmÞ
5
þ 2h2u00ðxmÞ
20
g0ðx1Þ þ hu
0ðxmÞ
40
þ h2u00 ðxmÞ
160
g0ðx2Þ
..
.
g0ðxN2Þ
g0ðxN1Þ  hu
0 ðxmÞ
40
þ h2u00ðxmÞ
160
g0ðxNÞ  3hu
0ðxmÞ
5
þ 2h2u00ðxmÞ
20
2
666666666666664
3
777777777777775
; m ¼ 0; 1; 2; . . . ;N5. Stability analysis
The stability of the proposed method is investigated by Von
Neumann method. Since the method is applicable to linear
schemes, the nonlinear term g(u) = u(1 + u) is linearized by
taking (1 + u) as a constant value a. The linearized form of
the proposed scheme takes the following form
acnþ1j2 þ bcnþ1j1 þ dcnþ1j þ bcnþ1jþ1 þ acnþ1jþ2
¼ pcnj2 þ qcnj1 þ rcnj þ qcnjþ1 þ pcnjþ2
 
 2 cn1j2 þ 26cn1j1 þ 66cn1j þ 26cn1jþ1 þ cn1jþ2
 
;
j ¼ 0; 1; 2; 3; . . . ;N ð5:15Þ
where
a ¼ 2 20a k
2
h2
 120q k
2
h4
;
b ¼ 52 40a k
2
h2
þ 480q k
2
h4
;
d ¼ 132þ 120a k
2
h2
 720q k
2
h4
;
p ¼ 4þ 20a k
2
h2
þ 120q k
2
h4
;
q ¼ 104þ 40a k
2
h2
 480q k
2
h4
;
r ¼ 264 120a k
2
h2
þ 720q k
2
h4
:
ð5:16Þ
Table 2 Maximum absolute errors with k= 0.05.
Time Parameters Maximum absolute errors
t= 0.5 h= 1/40, x0 = 30 8.2943e007
t= 1.0 h= 1/60, x0 = 40 7.3326e009
t= 1.5 h= 1/80, x0 = 50 6.4525e011
t= 2.0 h= 1/100, x0 = 60 5.2066e013
212 S.S. Siddiqi, S. ArshedPut cnj ¼ nneibjh; i ¼
ﬃﬃﬃﬃﬃﬃ1p in Eq. (5.15), after simplifying, it can
be written as
ð2a cosð2bhÞ þ 2b cosðbhÞ þ dÞn2  ð2p cosð2bhÞ þ 2q
 cosðbhÞ þ rÞnþ 2ð2 cosð2bhÞ þ 52 cosðbhÞ þ 66Þ
¼ 0 ð5:17Þ
Let
Q ¼ ð2a cosð2bhÞ þ 2b cosðbhÞ þ dÞ
M ¼ ð2p cosð2bhÞ þ 2q cosðbhÞ þ rÞ
N ¼ 2ð2 cosð2bhÞ þ 52 cosðbhÞ þ 66Þ
ð5:18Þ
The Eq. (5.17) becomes
Qn2 MnþN ¼ 0 ð5:19Þ
Applying the Routh–Hurwitz criterion on Eq. (5.19), the nec-
essary and sufﬁcient condition for Eq. (5.15) to be stable as
follows:
Using the transformation n ¼ 1þv
1v and simplifying, Eq.
(5.19) takes the form
ðQþMþNÞv2 þ 2ðQNÞvþ ðQMþNÞ ¼ 0 ð5:20Þ
The necessary and sufﬁcient condition for ŒnŒ 6 1 is that
QþMþNP 0; QNP 0; QMþNP 0 ð5:21Þ
QþMþN ¼ ð2aþ 2pþ 4Þ cosð2bhÞ þ ð2bþ 2qþ 104Þ
 cosðbhÞ þ ðdþ rþ 132Þ;
QMþN ¼ ð2a 2pþ 4Þ cosð2bhÞ þ ð2b 2qþ 104Þ
 cosðbhÞ þ ðd rþ 132Þ;
QN ¼ ð2a 4Þ cosð2bhÞ þ ð2b 104Þ cosðbhÞ
þ ðd 132Þ: ð5:22Þ
It can be easily proved that
QþMþN ¼ 64ð15 cos2ð/Þ þ 2 sin4ð/ÞÞP 0;
QMþN ¼ 320 k
2
h4
ð12 sin4ð/Þ þ h2 sin2ð/Þ cosð2/Þ þ 2h2
 sin2ð/ÞÞ
P 0;
QN ¼ 160 k
2
h4
ð12 sin4ð/Þ þ h2 sin2ð/Þ cosð2/Þ þ 2h2
 sin2ð/ÞÞ
P 0: ð5:23Þ
where / ¼ 1
2
bh.
It is evident that the scheme is unconditionally stable. It
means that there is no restriction on the grid size, i.e. on h
and, but h should be chosen in such a way that the accuracy
of the scheme is not degraded.6. Numerical applications
Example 1. Following is the good Bousssinesq or well-posed
equation (GB),
@2u
@t2
¼ @
2
@x2
ðuð1þ uÞÞ  @
4u
@x4
; x 2 ½0; 1; t > t0: ð6:24Þ
with initial conditions
uðx; 0Þ ¼ Asech2
ﬃﬃﬃﬃ
A
6
r
ðxþ x0Þ
" #
 bþ 1
2
 
utðx; 0Þ ¼ 
ﬃﬃﬃ
2
3
r
A3=2sech2
ﬃﬃﬃﬃ
A
6
r
ðxþ x0Þ
" #
tanh
ﬃﬃﬃﬃ
A
6
r
ðxþ x0Þ
" #
ð6:25Þ
and boundary conditions
uð0; tÞ ¼ uð1; tÞ ¼ @
2u
@bx2
ð0; tÞ ¼ @
2u
@x2
ð1; tÞ ¼ 0; t > t0 ð6:26Þ
The exact solution of the problem is
uðx; tÞ ¼ Asech2
ﬃﬃﬃﬃ
A
6
r
ðx ctþ x0Þ
" #
 bþ 1
2
 
ð6:27Þ
This problem is solved with theoretical parameters
A ¼ 0:369; b ¼  1
2
, velocity c= 0.868 and with initial time
t0 = 0. The observed maximum absolute errors for
different values of h and a ﬁxed value of k= 0.05 are shown
in Table 2.7. Conclusion
Quintic B-spline collocation method is developed for the
approximate solution of good Boussinesq equation. The
numerical solution is obtained using new three time level impli-
cit scheme based on a quintic B-spline for space derivatives
and ﬁnite difference discretization for time derivatives. The
proposed method is shown to be unconditionally stable. It is
evident from the example that the approximate solution is very
close to the exact solution.Acknowledgement
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